We investigate the thermodynamic stability of carbon-rich icosahedral boron carbide at different compositions, ranging from B 4 C to B 2 C, using first-principles calculations. Apart from B 4 C, generally addressed in the literature, B 2.5 C, represented by B 10 C p 2 (C-C), where C p and (C-C) denote a carbon atom occupying the polar site of the icosahedral cluster and a diatomic carbon chain, respectively, is predicted to be thermodynamically stable under high pressures with respect to B 4 C as well as pure boron and carbon phases. The thermodynamic stability of B 2.5 C is determined by the Gibbs free energy G as a function of pressure p and temperature T , in which the contributions from the lattice vibrations and the configurational disorder are obtained within the quasiharmonic and the mean-field approximations, respectively. The stability range of B 2.5 C is then illustrated through the p-T phase diagrams. Depending on the temperatures, the stability range of B 2.5 C is predicted to be within the range between 40 and 67 GPa. At T 500 K, the icosahedral C p atoms in B 2.5 C configurationally disorder at the polar sites. By investigating the properties of B 2.5 C, e.g., elastic constants and phonon and electronic density of states, we demonstrate that B 2.5 C is both mechanically and dynamically stable at zero pressure, and is an electrical semiconductor. Furthermore, based on the sketched phase diagrams, a possible route for experimental synthesis of B 2.5 C as well as a fingerprint for its characterization from the simulations of x-ray powder diffraction pattern are suggested.
I. INTRODUCTION
Due to its outstanding properties, for example high chemical stability, high hardness, low wear coefficient, high melting point, and low density, boron carbide is a promising material for several technological applications [1] [2] [3] [4] [5] [6] . Boron carbide is categorized as an icosahedral boron-rich solid. Its crystal structure can be described by 12-atom icosahedra, placed at vertices of a rhombohedral unit cell with R3m space group, and connecting to 3-atom inter-icosahedral chains, residing in the interstices between the icosahedra along the [111] direction of the rhombohedron [7] [8] [9] [10] . Each icosahedron is composed fundamentally of two crystallographic sites, termed "polar" and "equatorial." In addition, each icosahedron is linking to six neighboring icosahedra to form the icosahedral network through the inter-icosahedral bonds between the polar atoms, while the inter-icosahedral chains are linking to the surrounding icosahedra by forming bonds with the equatorial atoms. Boron carbide can be considered as a binary alloy between boron and carbon, since it forms a single-phase solid solution over a relatively broad composition range, extending from ∼8 to ∼20 at.% C [1, 11, 12] . Due to the similarities of atomic form factors for x-ray diffraction [13] and nuclear scattering cross-sections ( 11 B and 12 C) for neutron diffraction [10, 14] between boron and carbon atoms, experimentally distinguishing carbon from boron, and identifying their exact atomic positions, at any specific carbon content, are formidable tasks. First-principles calculations [15] [16] [17] [18] [19] [20] [21] [22] [23] predict two stable phases of boron carbide at 13.33 and 20 at.% C, corresponding to B 13 C 2 , and B 4 C stoichiometries, respectively. The studies * anekt@ifm.liu.se [15, [17] [18] [19] [20] [21] [22] suggest that, near the solubility limit (∼20 at.% C), the structural units of boron carbide are dominated by B 11 C p (C-B-C), where p stands for the polar sites, as shown by Fig. 1(a) . Even though synthesis of boron carbide beyond the carbon-rich limit has been reported one time, ∼24 at.% C by Konovalikhin et al. [24] , synthesizing boron carbide, where at.% C 20, generally results in a mixture of boron carbide and free graphitelike carbon [11, 25, 26] . Recently, Jay et al. [27] suggested a possibility that the solubility range of boron carbide could be extended to 21.43 at.% C, in which, instead of the three-atom C-B-C chain, a structural model of B 11 C p (C-C), as shown in Fig. 1(b) , was proposed and predicted, using first-principles calculations, to be metastable with respect to B 4 C.
Although boron carbide has been intensively studied both experimentally and theoretically, there are still unresolved questions, debatable among the researchers, regarding the maximum at.% C [1, 11, 12, 21, 24, 27, 28] , the extent of configurational disorder [22, 23, 29, 30] , the electronic band gap [15, 22, [31] [32] [33] [34] [35] , and stability under high pressure [31, [36] [37] [38] [39] , thus deserving further investigation. Recent theoretical studies of boron carbide [22, 23, 29, 40] demonstrated that configurational disorder of boron and carbon atoms on the different lattice positions, activated at elevated temperatures, determines several properties. Moreover, a recent experimental study of B 4.3 C under high pressures up to ∼70 GPa [31] reveals a phase transition in B 4.3 C near 40 GPa, as indicated by the changes in the observed Raman spectra and the optical properties of B 4.3 C. However, a detailed understanding regarding the structural change of B 4.3 C under high pressures has yet to be achieved. We note that high-pressure experimentation on boron carbide is often done in a diamond anvil cell [31, 36, 37] , which highlights the importance of revealing the details of high-pressure stabilities of boron carbide in a carbon-rich environment, as it could react with carbon at high pressure and temperature, and thus the interactions between boron carbide and carbon under such extreme conditions must be considered [41, 42] . The carbon-rich side has also been studied in the form of turbostratic graphitelike phases, generally denoted by t-BC x , where x 1. When subjected to high pressure and high temperature, a direct transformation of t-BC x into superhard diamondlike phases (c-BC x ) [43] [44] [45] [46] as well as a phase decomposition of t-BC x into icosahedral boron carbides and boron-doped diamond [43, 47] have been reported in the literature.
In the present work, we investigate the stability of carbonrich boron carbides, ranging from 20 to 33.33 at.% C, as a function of temperature and pressure, using first-principles calculations. We find that, apart from B 4 C, carbon-rich boron carbide with 28.57 at.% C, denoted by B 2.5 C, is thermodynamically stable under high pressures with respect to B 4 C and its constituent elements, i.e., γ -boron and diamond. B 2.5 C is an electrical semiconductor, whose structural unit is represented by B 10 C p 2 (C-C), in which the icosahedral C p atoms arrange themselves in a way that the formation of both an inter-and intra-icosahedral C-C bond is avoided, as shown in Fig. 1(c) . By inspecting its phonon frequencies and elastic constants, we find that B 2.5 C is both dynamically and mechanically stable at 0 GPa. To determine the thermodynamic stability of B 4 C and B 2.5 C, we calculate the Gibbs free energy, in which the contributions from the lattice vibration and the configurational disorder are obtained within the quasiharmonic and the meanfield approximations, respectively. The stabilities of B 4 C and B 2.5 C are then illustrated through the p-T phase diagrams.
II. METHODOLOGY

A. Computational details
The density functional theory (DFT) and the projector augmented wave (PAW) method [48] , as implemented in the Vienna ab initio simulation package (VASP) [49, 50] , and the generalized gradient approximation (GGA), proposed by Perdew, Burke, and Ernzerhof (PBE96) for an exchange-correlation functional [51] , are used for the total energy calculations. The calculations are performed within a unit cell and a 2×2×2 supercell (64-224 atoms, depending on composition), sampled with a 9×9×9 and a 7×7×7 Monkhorst-Pack k-point mesh [52] , respectively. A plane-wave energy cutoff of 600 eV is used. The equilibrium volume at 0 K, V 0 , is determined by the minimum point of the total energy curve, E 0 (V), calculated for a set of different fixed volumes V. For each volume, the internal atomic positions and the cell shape are fully relaxed so that the total force, acting on each atom, is less than 10 −6 eV/Å. The tetrahedron method for the Brillouin zone integrations, suggested by Blöchl [53] , is used for electronic density-of-states calculations.
B. Thermodynamic stability
The thermodynamic stability of the carbon-rich boron carbides, especially B 4 C and B 2.5 C, with respect to their competing phases at different pressures p and temperatures T , is determined by the Gibbs free energy G(T , p),
E 0 (V ) is the total energy at 0 K, directly obtained from the DFT calculations. F vib (T , V) is the Helmholtz free energy due to the lattice vibrations (phonons), which is generally given by
where ω(q,ν,V) is the phonon frequency at the wave vector q and the band index ν. and k B are the reduced Planck constant and the Boltzmann constant, respectively. In this work, the phonon frequencies ω are also volume-dependent, as the phonon calculations are performed at the quasiharmonic level using the PHONOPY package for phonon calculations [54, 55] , in which the force constants are calculated within a 2×2×2 supercell using the Parlinski-Li-Kawazoe method [56] with a finite displacement of 0.01Å. The term TS conf (T , V) in Eq. (1) is a contribution from the configurational disorder, where S conf is defined as the configurational entropy. In the present work, S conf is derived within the mean-field approximation and is volume-and temperature-independent,
where g is the number of distinguishable ways of arranging the atoms on the lattice sites. In the case of boron carbide, configurational disorder of icosahedral C p atoms at the polar sites [22, 29] , for example, contributes S conf , while it is generally zero for ordered compounds.
To determine the term pV and include it in G(T , p) at fixed temperatures, the sums of the first three terms on the right-hand side of Eq. (1) at different fixed volumes are fitted to the third-order Birch-Murnaghan equation of state (EOS) [57, 58] . The pressure p can then be calculated by
We note that, in the present work, the contribution from electronic excitations to the Gibbs free energy G(T , p) at high temperature is neglected due to the semiconducting character of the relevant phases, and it will be discussed in detail in Sec. III D.
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C. Elastic properties calculations
The elastic properties of B 2.5 C, are calculated at zero temperature (T = 0 K) and zero pressure (p = 0 GPa) conditions. We also neglect the influence of the zero-point motion. Consequently, the Gibbs free energy G, given in Eq. (1), reduces to the total electronic energy E 0 . By applying strains with ±1% and ±2% distortions to the fully relaxed 2×2×2 supercells without volume conservation, the elastic constants C ij can be calculated directly from the second-order Taylor expansion of the total energy E 0 [59, 60] ,
We use Voigt's notation to describe the strain i and the elastic tensor C ij [61, 62] . [63] , to derive the rhombohedrally averaged elastic constants C ij , following the procedure described in our previous work [40] for boron carbide and boron suboxide. In this case, 12 independent elastic constants, i.e., C 11 , C 12 , C 13 , C 14 , C 22 , C 23 , C 24 , C 33 , C 44 , C 55 , C 56 , and C 66 , must be calculated to obtain the six averaged elastic constants for B 2.5 C, given bȳ
The elastic stability of B 2.5 C is inspected using the Born stability criteria [64] , given byC
We use the Voigt-Reuss-Hill (VRH) method for determining the elastic properties of polycrystalline solids [65] to determine the isotropic elastic Young's, shear, and bulk moduli of B 2.5 C.
III. RESULTS AND DISCUSSION
A. Thermodynamic stability at T = 0 K As a first step, we determine the thermodynamic stability at T = 0 K, and p = 0 GPa of carbon-rich boron carbides with five different carbon contents, ranging from 20 to 33.33 at.% C. We note that, at this stage, the influence of lattice dynamics, i.e., the zero-point motion, is being neglected. Thus the Gibbs free energy G, given in Eq. (1), is defined only by the groundstate energy E 0 (V 0 ), and the stability of carbon-rich boron carbides with respect to their competing phases is determined by the formation energy E form 0 . In the case of 26.67, 28.57, and 33.33 at.% C, where at least two C p atoms are residing in the icosahedra, a formation of both intra-and inter-icosahedral bonds between C p atoms is possible. By performing spinpolarized calculations, B 11 C p (C-C-C) and B 10 C p 2 (C-C-C) with the intra-icosahedral C p -C p favor a magnetic state with a magnetic moment of 1μ B and 2μ B , respectively. As can be seen from Table I, . We note that, in the present work, diamond has been considered as a competing phase of carbon at low pressure instead of graphite due to ) of different carbon-rich boron carbides (at.% C 20) in meV/atom with respect to (i) α-boron + diamond, and (ii) B 4 C + diamond. for B 4 C and B 3.67 C are in fairly good agreement with the previous calculations that used a different type of GGA functional [27] . We find that, for B 2.5 C, the formation of the intra-and inter-icosahedral C p -C p bond results in higher E form 0 than those without the C p -C p bond by at least ∼25 meV/atom. This indicates that the intraand inter-icosahedral C p -C p bonds are an unfavorable type of bonding for B 2.5 C, which is in line with the conclusion of our previous study of B 4 C [22] . The stability of carbon-rich boron carbides is also examined with respect to B 4 C and diamond, since B 4 C has been predicted to be a stable phase for boron carbide [15, [17] [18] [19] [20] [21] [22] , and presumably lies on the convex hull of the B-C system [21] . The results demonstrate that none of the carbon-rich boron carbides is stable with respect to B 4 C and diamond at T = 0 K and p = 0 GPa.
Based on the results mentioned above, we single out those, stable with respect to α-boron and diamond, and investigate the influence of high pressures on their stabilities, determined by the formation enthalpy H form . The enthalpy H(p) at 0 K can be calculated by
We find that B 2.5 C without the C p -C p bond lies on the convex hull above 40 GPa, as shown in Fig. 2 , and is stable up to 57 GPa with respect to both B 4 C and its constituent elements, given by γ -boron, which is a high-pressure phase of boron, and diamond. Note that, in the present work, γ -boron is predicted to be stable over α-boron above 18.8 GPa, which is in good agreement with the value reported in the literature [71, 72] , while the conversion of graphite to diamond at low temperature, according to the proposed phase diagram of carbon [73] [74] [75] , has been expected to take place at p < 5 GPa. As for the other two B 2.5 C candidate phases, where there exist the inter-and intra-icosahedral C p -C p bonds, we find that upon increasing the applied pressure they become unstable with respect to the constituent elements above 15 and 37 GPa, respectively. B 4 C, on the other hand, becomes unstable with respect to B 2.5 C without the C p -C p bond and γ -boron at p > 47 GPa.
In the case of B 3.67 C, despite being stable with respect to α-boron and diamond at 0 GPa, it does not touch the convex hull upon increasing the applied pressure. We find that, at p > 25 GPa, B 3.67 C becomes unstable with respect to γ -boron and diamond, which is indicated by positive H form , as shown in Fig. 2 . We thus disprove the stability of B 3.67 C or B 11 C p (C-C), recently proposed in Ref. [27] . Based on these findings, only B 4 C and B 2.5 C without the C p -C p bond, which from now on will be referred to as just B 2.5 C, will be further investigated in the following sections.
B. Configurational disorder in B 2.5 C
We have learned from our previous studies [22, 23, 40] that configurational disorder plays an important role in the stability as well as the properties of boron carbides at elevated temperature. In the case of B 4 C, configurational disorder of icosahedral C p atoms either at the three polar sites, forming the top or bottom triangular face, or at all six polar sites of the icosahedra is predicted [22, 29] . It is found to restore the higher rhombohedral symmetry in B 4 C by eliminating a small monoclinic distortion, caused by the preferred orientation of the C p atoms residing in the same polar site for every icosahedron, at low temperature in the ordered ground state of B 4 C. Correspondingly, the ordered ground-state configuration of B 2.5 C is attained when the C p atoms occupy the same polar positions for every icosahedron without forming either an inter-and intra-icosahedral bond between the C p atoms. In this section, we investigate the influences of configurational disorder of icosahedral C p atoms at the polar sites on the stability of B 2.5 C. Configurational disorder in B 2.5 C is modeled within a 2×2×2 supercell, where a random number generator is employed to randomly distributed the icosahedral C p atoms among the polar sites. To avoid the C p -C p bonds, we assign two constraints that (i) only one C atom is allowed to reside in each triangular face, formed by the three polar sites, of the icosahedra, and (ii) any polar site that bonds to a C p atom from a neighboring icosahedron must only be occupied by a B atom.
Based on the assumption we used for modeling the disordered B 2.5 C, there are on average four distinguishable configurations that the two C p atoms can arrange within each icosahedron. We thus estimate the configurational entropy S conf /unit cell for the disordered B 2.5 C, using Eq. the difference in the Gibbs free energy G(T ) with respect to the ordered phase, where the Gibbs free energy G(T ) is given by
We note that due to the use of a random number generator, each model of the disordered B 2.5 C has different configuration of the C p atoms from the others, giving rise to the uncertainties in G(T ) for the disordered B 2.5 C as well as the order-disorder transition temperature. To estimate such uncertainties, we calculate the mean values of both the Gibbs free energy, denoted byḠ(T ), and the order-disorder transition temperature, and their standard deviations. The order-disorder transition temperature for B 2.5 C is thus 489 ± 54 K with 95% confidence intervals, as shown in Fig. 3 .
To illustrate how the C p -C p bonds affect the stability of B 2.5 C, we build up another 10 configurations of the disordered B 2.5 C by removing the two constraints so that the two C p atoms residing in each icosahedron are allowed to substitute any two out of the six polar sites, and they thus have a possibility to form either the inter-or intra-icosahedral C p -C p bond with the other C p atoms. By manually taking away the C p -C p bonds and recalculating their total energies, E 0 (V 0 ), we estimate the energy costs to form the intra-and inter-icosahedral C p -C p bonds from the changes in E 0 (V 0 ) to be ∼0.4 and ∼1.1 eV/bond, respectively. The S conf /unit cell, in this case, is approximated to be k B ln (15) , and the transition to the disordered state with the C p -C p bonds is predicted to take place at 4389 ± 636 K (see Fig. 3 ), which is beyond the melting point of boron carbide (∼2650 K [76] ). These results thus indicate a strong correlation among the C p atoms that tend to avoid the formation of the unfavorable C p -C p bond. Consequently, we conclude that the relevant configuration of B 2.5 C at elevated temperature can be described by configurational disorder of the icosahedral C atoms at the polar sites, where they arrange themselves in such a way that the formation of a C p -C p bond is avoided. In this subsection, the structural, electronic, and elastic properties of B 2.5 C are reported. Table II shows the lattice parameters of B 2.5 C and B 4 C [10, 22] with and without configurational disorder of the icosahedral C atoms at the polar sites. As mentioned in the previous subsection, substitution of C atoms in the icosahedra in general results in a small distortion that breaks the rhombohedral symmetry (R3m) of boron carbide. This is often illustrated through the ordered B 4 C [17, 21, 22] , where the icosahedral C atoms are well oriented by occupying the same polar position for every icosahedron. However, recent theoretical studies [22, 29] demonstrated that configurational disorder in the disordered B 4 C, in which the icosahedral C atoms are randomly distributed at the polar sites, eliminates the distortion, and thus restores the rhombohedral symmetry, which is in accord with the experimentally observed crystal symmetry of boron carbide [7] [8] [9] [10] . Similarly to the ordered B 4 C, the ordered B 2.5 C exhibits the same distortion. Even though the rhombohedral symmetry is not completely restored for the disordered B 2.5 C (see Table II ), the degree of distortion becomes obviously smaller, compared to that of the ordered phase. The lack of complete restoration of the rhombohedral symmetry is attributed to an uneven distribution of the icosahedral C atoms at the six polar sites within a finite-size supercell when modeling the disordered B 2.5 C. Thus, for an infinitely large supercell, the disordered B 2.5 C should exhibit rhombohedral symmetry with R3m space group, similar to the disordered B 4 C.
According to the electron counting rules, proposed by Longuet-Higgins and Roberts [79] , to interpret the electronic structure and stability of icosahedral boron-rich clusters, we find that B 2.5 C is an electron precise compound, whose valence band is completely filled up by the electrons, and thus it should display a semiconducting character. To verify this presumption, we calculate the electronic density of states of B 2.5 C at p = 0 GPa and T = 0 K, as shown in Fig. 4 . The ordered and disordered B 2.5 C are both semiconductors with GGA-based electronic band gaps of 2.85 and 2.57 eV, respectively. The decrease in the gap width of the disordered B 2.5 C by ∼0.3 eV, compared to the ordered B 2.5 C, can be explained by the random substitution of icosahedral C atoms at the polar sites, as we demonstrated also for B 4 C in our previous work [22] . In the case of B 4 C, the GGA-based band gap of B 4 C can vary between 2 and 3 eV depending on the degree of configurational disorder of the C p atoms. Next, we calculate the elastic properties of B 2.5 C at p = 0 GPa and T = 0 K, using the procedure described in Sec. II C. The calculated elastic constants and elastic moduli of B 2.5 C are listed in Table III . By evaluating the elastic stability of B 2.5 C using the Born stability criteria, given in Eq. (7), we find that all the criteria are fulfilled for both ordered and disordered B 2.5 C, thus they are mechanically stable. Similarly to B 4 C, configurational disorder of the C p atoms has minimal impact on the elastic properties of B 2.5 C, as indicated by almost identical elastic constants between the ordered and disordered B 2.5 C. This is in contrast to the case of B 13 C 2 , where configurational disorder significantly affects its elastic properties [40] . We can also see from the table that B 2.5 C is distinctly superior to B 4 C in terms of elastic moduli. For example, Young's modulus of B 2.5 C is higher than that of B 4 C by ∼30%.
Demonstrated by several experimental and theoretical studies [1, 11, [80] [81] [82] , boron carbides can be superhard materials, with Vickers hardness exceeding 40 GPa. Considering that B 2.5 C has even higher values of elastic moduli than those of B 4 C, together with the experimental fact that hardness of boron carbide increases with the carbon content [83, 84] , one can expect the carbon-rich B 2.5 C to be a superhard material, likely even harder than B 4 C.
D. Influences of lattice dynamics and thermodynamic stability at T > 0 K
We next investigate the influences of lattice vibrations on the stabilities of B 4 C and B 2.5 C. The vibrational free energies F vib (T , V) of B 2.5 C, B 4 C, and their competing phases, i.e., α-and γ -boron, and diamond, are calculated within the quasiharmonic approximation, using the approaches described in Sec. II B. In the present work, the B-C compounds at the carbon-rich side, e.g., BC 1.6 , BC 3 , and BC 5 , are not considered as competing phases of B 4 C and B 2.5 C for the following reasons. At low pressure, those carbon-rich compounds exhibit turbostratic graphitelike phases, t-BC x where x 1. As demonstrated by Solozhenko et al. [43, 47] , t-BC x , where 1 x 4, decomposes into a mixture of boron-doped diamond (1-2 at.% B) and icosahedral boron carbides at p > 20 GPa and T > 2000 K. Additionally, even though a direct transformation of t-BC x into superhard diamondlike phases (c-BC x ) under high pressure and temperature has been reported in the literature [43] [44] [45] [46] , they are shown to be metastable phases and unlikely to participate in the phase equilibria in the boron-carbon system [43, 46] . We have thus expected that considering t-BC x and c-BC x as competing phases should not qualitatively and significantly affect our predictions of the stability ranges of B 4 C and B 2.5 C.
By considering the phonon density of states of the ordered and disordered phases of both B 2.5 C and B 4 C, as shown in Fig. 5 , their phonon frequencies are all positive, confirming their dynamical stabilities. We note that B 2.5 C and B 4 C remain dynamically stable under high pressures, up to at least 75 GPa, as indicated by real phonon frequencies also at such pressures (not shown).
By comparing the vibrational free energies between the ordered and disordered phases of B 2.5 C and B 4 C, we find that configurational disorders have tiny impacts on their vibrational contributions to the Gibbs free energy, where the differences in the vibrational free energies between the ordered and disordered phases of B 2.5 C and B 4 C are ∼0.1 and ∼0.8 meV/atom, respectively, at 2500 K. This is due to small changes in the equilibrium volumes of B 2.5 C and B 4 C, i.e., ∼1.5×10 −3 and ∼6×10 −3Å3 /atom, respectively, induced by configurational disorders.
According to our previous study of configurational disorder in B 4 C [22] , two configurational phase transitions at 0 GPa were predicted within the mean-field approximation for the configurational entropy S conf at 870 and 2325 K, in which the icosahedral C atoms configurationally disorder only at the three polar sites, forming the top or bottom triangular face, and at all six polar sites of the icosahedra, respectively. In this case, the configurational entropies S conf /unit cell for the first and the second disorder states of B 4 C are estimated to be k B ln(3) and k B ln(6), respectively. We find that the influence of lattice vibrations, considered in the present work, lowers the orderdisorder transition temperature of B 4 C from 870 to 730 K.
We then determine the thermodynamics stabilities of B 2.5 C and B 4 C with respect to their competing phases at different fixed pressures p and temperatures T by calculating the Gibbs free energy G(T , p), given by Eq. (1). As mentioned in Sec. II B, the contributions from the electronic excitations is neglected in the present work. We note that B 2.5 C, B 4 C, and their competing phases, i.e., diamond, α-, and γ -boron, are predicted to be a semiconductor with the GGA-based electronic band gaps ranging between 1.5 and 3 eV, where the highest energy states occupied by the electrons, i.e., Fermi level, are located at the top edge of the valence band. At T > 0 K, a small fraction of the electrons within the range of thermal energy ±k B T from the Fermi level can be thermally excited and contributes to the electronic part of the Gibbs free energy G(T , p), assuming that at T = 5000 K, which is beyond the melting point of the considered materials, the thermal energy k B T is only about 0.43 eV. Since there is no available state for the electrons to populate within such a range of k B T above the valence-band edge of B 2.5 C and B 4 C and their competing phases, regardless of the temperature dependence of the band gap, the contributions from the electronic excitations are approximated and expected to be essentially small even at very high temperature, and they are thus negligible. In the present work, we show the p-T phase diagrams for the two global compositions, i.e., B 2.5 C and B 4 C, in Fig. 6 .
We first consider the phase diagram of boron carbide at the B 2.5 C composition, as depicted in Fig. 6(a) . We predict that under high pressures, ranging between 40 and 67 GPa depending on the temperatures, B 2.5 C is a thermodynamically stable phase, with respect to B 4 C, γ -boron, and diamond. At T 500 K, the icosahedral C atoms in B 2.5 C configurationally disorder at the polar sites, as discussed in Sec. III B. Below 40 GPa, B 2.5 C is unstable and decomposes into B 4 C and diamond, which is in line with the experimental observations that synthesizing boron carbide with at.% C 20 generally results in a mixture of boron carbide and free carbon [11, 25, 26] . The stability range of B 2.5 C under very high pressures is limited, as it decomposes into γ -boron and diamond, for example at p = 60 GPa and T = 1000 K. Figure 6 (b), on the other hand, displays the stability of the B 4 C composition of boron carbide. At p 47 GPa, B 4 C is predicted to be stable with respect to B 2.5 C and its constituent elements. We find that as the pressure increases, the order-disorder transition temperature of B 4 C increases. Beyond ∼47 GPa, B 4 C becomes unstable and decomposes into γ -boron and B 2.5 C, stable within a limited stability range, before it subsequently decomposes into γ -boron and diamond upon increasing pressure.
Note that apart from our previous study of configurational disorder in B 4 C [22] , the same configurational phase transitions in B 4 C were also predicted by Yao et al. [29] . However, in their case, the second configurational phase transition was predicted to take place at much lower temperature, i.e., 790 K. Thus, to assess a lower limit for the stability of B 2.5 C, we estimate the configurational entropy S conf for the disordered state of B 4 C to be k B ln(6) instead of k B ln(3). The conservative estimate of the stability of B 2.5 C under high pressures is indicated by the dashed lines, as shown in Fig. 6 . Despite narrowing the stability range, B 2.5 C is still stable at high pressures and also at high temperatures. We thus propose a carbon-rich icosahedral boron carbide B 2.5 C, beyond 20 at.% C, to be stable under high pressures, and possibly metastable at ambient pressure.
E. Synthesis route of B 2.5 C and fingerprint for its characterization
According to the sketched phase diagrams, as shown in Fig. 6 , B 2.5 C can be thermodynamically stabilized under high pressures. To experimentally synthesize B 2.5 C, one may try compressing boron carbide powder, with at.% C close to 20, within a diamond anvil cell to high pressures around 50 GPa. Together with boron carbide, graphite powder, acting as a carbon reservoir, may be added into the diamond cell to assist in the formation of carbon-rich B 2.5 C. Note that the diamond cell itself is also a carbon reservoir, and thus in light of our finding, reaction of the diamond cell with boron carbide under high pressure and high temperature must be considered. During the high-pressure compression, annealing of the powders at elevated temperatures should be provided 054104-7 in order to activate a solid-state reaction between boron carbide and a carbon reservoir, leading to a formation of B 2.5 C. We note that, due to strong interatomic covalent bonds, which are typical characteristics of icosahedral boron-rich solids, high temperatures ranging between 1600 and 2000 K might be required in order to activate atomic diffusion in boron carbide [25, 26, 85] . After the heating process, the substance should be quenched to room temperature without depressurizing the diamond cell. Thus we suggest that a phase decomposition of B 2.5 C into B 4 C and graphite after depressurizing the diamond cell, that would require long-range diffusion, could be hindered by a lack of atomic mobility at low temperatures.
The lattice parameters (angles) of B 2.5 C, as shown in Table II , are significantly smaller (larger) than those of B 4 C by approximately 5.4% (4%), corresponding to a decrease of unit-cell volume in B 2.5 C by 11.6%, as compared to that of B 4 C. Such a volume contraction in B 2.5 C is mainly due to the formation of diatomic carbon chains, instead of three-atom chains, commonly formed for boron carbides with at.% 20 [86] . For this reason, the existence of the carbon-richer phase B 2.5 C may be investigated by conventional diffraction techniques. Figure 7 shows a comparison between simulated powder diffraction patterns at zero pressure of disordered B 4 C and B 2.5 C. The simulated powder diffraction patterns, in the present work, are obtained from the RIETAN-FP package [87] , as implemented in VESTA [88] . We find that the pattern of B 4 C, obtained from the simulation, is in excellent agreement with the data taken from the International Centre for Diffraction Data (ICDD) card 00-035-0798 for B 4 C, confirming the reliability of our simulations. As can be seen from Fig. 7 , the diffraction pattern of B 2.5 C, especially the main peaks within the range between 15
• and 45
• [ Fig. 7(a) ], is distinctly different from that of B 4 C in terms of peak positions. It is thus feasible to use the diffraction patterns, given in Fig. 7 , as a fingerprint to identify B 2.5 C. 
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IV. CONCLUSION
In conclusion, we investigate, using first-principles calculations, the thermodynamic stabilities at finite temperature and pressure of different carbon-rich icosahedral boron carbides, ranging from 20 to 33.33 at.% C. We find that, apart from B 4 C, extensively studied and addressed in the literature, only boron carbide at 28.57 at.% C, or B 2.5 C, is predicted to be thermodynamically stable under high pressures with respect to B 4 C, γ -boron, and diamond. The atomic configuration of the predicted B 2.5 C is represented by B 10 C p 2 (C-C), in which the icosahedral C p atoms residing in the polar sites of the icosahedra arrange themselves in a way that avoids the formation of either inter-or intra-icosahedral C p -C p bonds. In the present work, the thermodynamic stability of B 2.5 C is illustrated through p-T phase diagrams at B 2.5 C and B 4 C compositions, sketched at the quasiharmonic level for the contributions from the lattice dynamics, while the influence of configurational disorder is taken into account within the mean-field approximation for the configurational entropy. Depending on the temperature, the stability range of B 2.5 C is predicted to be within the range between 40 and 67 GPa. At T 500 K, the icosahedral C p atoms in B 2.5 C configurationally disorder at the polar sites. By inspecting its phonon frequencies and elastic constants, B 2.5 C is shown to be both dynamically and mechanically stable also at 0 GPa.
Based on the phase diagrams, a possible high-pressure route for experimental synthesis of B 2.5 C has been suggested. Also, we emphasize that B 2.5 C should be taken into consideration in high-pressure experiments of B 4 C, carried out in diamond anvil cells, as it could react with diamond under high pressure, possibly resulting in the formation of B 2.5 C. The simulated powder diffraction pattern of B 2.5 C reveals a distinct difference in terms of peak positions with respect to that of B 4 C, which may be used as a fingerprint to distinguish it from B 4 C during attempts of experimental synthesis. 
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